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Abstract--A straightforward non-linear extension of Boussinesq's approximation for two-component fluids 
is presented. The perturbative method proposed permits the numerical separation of the different orders 
in the obtained hierarchy of equations. The procedure is useful for the analysis of buoyancy driven flows 
and the stability of convective patterns. The fluid layer thicknesses, for which the Soret and Dufour effects 
must be retained in the equations, may be determined. The influence of the hydrostatic field on the heat 
equation may be obtained in relation to the layer thickness. The analysis permits us to obtain useful 
conclusions about the stability in two important examples of this kind of system : dry air and salt water. 
The method may be easily extended to multi-component fluids and to any other physical problem. 
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1. INTRODUCTION 

As it is well known, the non-linear equations that 
describe the behavior of buoyancy driven flows (even 
in the simplest case of mono-component fluids) can 
be solved numerically, but not analytically. In the case 
of multi-componerLt fluids, the number of equations 
is increased with the balances of the mixture com- 
ponents, and some new terms, such as those describing 
the Dufour and Soret effects, appear. 

In the case of mono-component fluids, the equa- 
tions have been simplified by Boussinesq [1], Spiegel 
and Veronis [2], Mihaljan [3], Malkus [4], P6rez-Cor- 
d6n and Velarde [5, 6], Gray and Giorgini [7] and 
more recently, de Boer [8, 9]. 

Nowadays, some important phenomenological 
aspects of convection are being studied, such as: (i) 
the influence of temperature on thermal conductivity, 
viscosity and density [10, 11] ; (ii) the increase in the 
number of hexagon al convection cells, induced by sur- 
face tension [12] ; (iii) the spontaneous formation of 
spiral patterns in the B6nard-Rayleigh convection [13, 
14]. The explanation of these phenomena require the 
introduction of non-linear terms into Boussinesq's 
equations. This requirement emphasizes the relevance 
of the quoted papers [5-6, 8-9]. 

In the case of multi-component fluids, some new 
phenomena such as diffusive flows, thermal diffusion, 
salt fingers, etc., are involved, and consequently a 
different analysis of the appropriate thermo-hyd- 
rodynamic equations is needed [11, 15]. The con- 
vective behavior of this kind of fluid has been con- 
sidered in several papers [16, 17] by using linearized 
Boussinesq's equations. Nevertheless, in recent years, 
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considerable theoretical and experimental efforts have 
been made in order to clarify the influence of the 
different non-linear contributions on the appearance, 
development and stability of different convective 
structures in these fluids [18-23]. Consequently, a 
non-linear Boussinesq's approximation, valid for 
multi-component fluids, with all the non-linear con- 
tributions retained, is needed. 

In this paper an approximation is presented, valid 
for two-component, Newtonian, non-reactive fluids 
(without any other restriction). The procedure may 
be easily extended to multi-component fluids. Special 
attention has been paid to the influence of the Dufour 
and Soret effects for different fluid layer thicknesses. 
The analysis is based on a three-parameter series 
expansion. In addition, the conditions that must be 
imposed on the fluid in order to get a numerical sep- 
aration of the different orders in the hierarchy of equa- 
tions obtained are analyzed. Finally, the crucial 
importance of correct choice of the scale units is poin- 
ted out. 

2. FORMULATION OF THE PROBLEM 

Let us consider a horizontal layer of a two-com- 
ponent non-reactive fluid, with thickness L and infi- 
nite surface. The convective movement is described by 
the following system of equations : 

1 dp dT dP dc dVk 
p dt = - ~ -  + Z d t  +Tdt  dxk (1) 

dc dJk 
(2) 

P ~ = dxk 
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A~ ~ IA2~I/IATI (non-dimensional 
monomial) 

A2 ~ IAPl/IAP] (non-dimensional 
monomial) 

A 3 ~ IA~I/IAcl (non-dimensional 
monomial) 

B thermal gradient 
c = c~ (mass-fraction of the first mixture 

component) 
specific heat at constant pressure 
specific heat at constant volume 
molecular diffusion coefficient 
thermal diffusion (Soret) coefficient 
Dufour coefficient 
gravitational acceleration 
=-O¢o/ZoC~po (GrCaneisen's constant) 

h2 partial specific enthalpies of the first 
and second mixture components 
heat flow vector 
reduced heat flow vector 
thermal conductivity 
fluid layer thickness 
= Do~tOo (Lewis number) 

Mp~, Mc~ molecular diffusion flow vector 
contributions 

P pressure 
Pr = Vo/~Co (Prandtl number) 

QT~, QP~, Qc~ heat flow vector contributions 
R =-~/gL3c%(ATA -- AT)l(v0xo) 

(Rayleigh number) 
R~n R-R~ (effective Rayleigh number) 

R~ =x/gL3~o(-AC/voDo)  (solute 
Rayleigh number) 

s specific entropy 
Sc = vo/Do (Schmidt number) 
Sp = ?20 (1 - co)/Pol~,~ 2o (baro-diffusivity 

separation number) 
ST -- COO -- co)O*7o/Do~o (Soret 

separation number) 
t time 
T temperature 

NOMENCLATURE 

V 

Xi 

velocity vector 

=- x /gLIAp- -  ApAI/Po (scale unit for 
velocity) 
position vector. 

Greek symbols 
c~ coefficient of thermal expansion 
o~* =- ToD*/Do (thermal diffusion factor) 
fl non-dimensional gradient of 

temperature 
tip non-dimensional gradient of pressure 
fl~ non-dimensional gradient of 

concentration 
7 = 1/p ~pfi3c 
6,j Kronecker's delta 
A denotes difference taken between the 

upper and the lower surface of the 
fluid layer 

el -~01ATI (non-dimensional 
parameters) 

'~2 ~ ZoPogL (non-dimensional 
parameters) 

e3 =~0[Acl (non-dimensional 
parameters) 

q~, q2 shear and bulk viscosity coefficients 
x = K/Cppo (thermal diffusivity) 
]'~1 chemical potential of the first mixture 

component 
[1Cl, 1 ~ ~['~1/~C 

v - v~/po (kinematic viscosity) 
p density 
r~j viscous stress tensor 
Z isothermal compressibility. 

Subscripts and superscripts 
0 denotes reference state 
s denotes reference hydrostatic field 
A denotes 'hydrostatic adiabatic field' 

denotes perturbation 
' denotes non-dimensional quantity. 

dvi c3P c~rll 
P ~ = -- a--~ + ~xj --gp6,3 (3) 

dT dP 
pCp ~-~ - ~ T ~  = 

O J* t3(hl - h 2 )  ~vi 

Ox~ J~ O x ~  + ¢'j a T 

(4) 

where 

-gk = p(e(1 , ~T +D[~C --e)D ~ \~xk 

c **/~c O T + p c # ' " T D  ~ x i  

p/1~,1 

(k = 1,2,3) (6) 

~(1-c) ~xe) 
p/t~,l 

( i=  1,2,3). (7) 

The symbols appearing in the previous equations are 
defined on the nomenclature pages. Einstein's con- 



Convective flows in multi-component fluids 1429 

vection about addition over repeated indexes has been 
used. The barycentric substantial time derivative has 
been employed : 

d d t? 
- + Vk" (k = 1,2, 3). (8) 

dt t3t ~Xk 

The fluid material properties : p, Cp, #l, rh, r/2, K, D, 
D*, D**, ~t, Z and 7 are assumed to be functions of 
temperature T, pressure P, and mass fraction of the 
component 1 -c~,  of the fluid. These functions can be 
expanded in Taylor series with respect to variables T, 
P and Cl. The reference values To, P0 and c0 correspond 
to the lower non-perturbated boundary of the layer. 
This procedure permits the evaluation of the non- 
linear terms and their distribution in the different 
orders into the obtained hierarchy of equations. 

In what follows, the critical hydrostatic fields from 
which the onset of convection takes place, will be 
described. 

3. CRITICAL HYDROSTATIC FIELDS 

As it is well known, a fluid layer stays at rest, for 
small perturbations as long as the critical effective 
Rayleigh number i,; not reached [16]. The stationary 
state established in lhe layer at rest is called the 'hydro- 
static field' (H.F.). A two-component H.F. is 
described by the following system of equations : 

dJ3s 
- 0 ( 9 )  

dx3 

dJ3Q~ d 
(J*s+J3s(h I --h2) ) (10) 

dx3 dx3 

dP 
d x  3 - pg (11) 

where x3 is the spatial coordinate perpendicular to the 
layer surface. The subscript s will be used in reference 
to H.F. in this paper. At present, our main aim is 
to separate the contributions of the H.F. and of the 
perturbations in equations (1-4). 

From Jeffreys' work [24], the adiabatic hydrostatic 
field (A.H.F.) is used instead of the critical H.F., for 
mono-component fluids. As it is well known, the 
buoyancy forces give rise to the ascent of fluid portions 
from the bottom to the top of the layer. This process 
may be considered an adiabatic expansion. In 
addition, for multi-component fluids, there are no 
material fluxes because the diffusive relaxation time is 
greater than the thermal relaxation time. In the case 
of non-reactive fluids, the adiabatic temperature vari- 
ations take place at constant chemical composition. 
Consequently, for a fluid layer of this kind at rest, an 
A.H.F. is characterized by the conditions Jq = 0 and 
Jl = 0. In our case (non-reactive multi-component 
fluid, in a gravitational field), these conditions are 
equivalent to ds/dx3 = 0 and dc/dx3 = O. 

In general, the A.H.F. lacks physical reality because 
of the incompatibii[ity of the equations describing the 

hydrostatic fields with the condition, ds/dx 3 = 0. This 
incompatibility is even more drastic if the condition 
dc/dx3 = 0 is also imposed. This condition is necessary 
in order to get a fluid layer with a homogeneous com- 
position, through which the so-called adiabatic tem- 
perature gradient exists. An example of such a fluid is 
often used to analyze the Earth's atmosphere stability 
[25, 26]. In fact, the homogeneity in the composition 
of atmospheric or ocean-water layers is an obvious 
consequence of convective movements. In the station- 
ary state, a layer of these characteristics is destabilized 
by thermal-diffusion and barodiffusion, among other 
causes. The differences existing between the H.F. and 
the hypothetical A.H.F. are appreciable. As an exam- 
ple, Table 1 show some comparative data for: a gas 
mixture N 2 / O 2 ,  76% wt and a NaC1 aqueous solution, 
6% wt. The first case may be considered similar to dry 
air and the second to ocean-water. In both cases the 
results refer to fluid layers sealed with impervious and 
conductive boundaries. The H.F. will be used in order 
to get a numerically consistent series expansion of the 
perturbation equations (1)-(4). 

In the next section the perturbation equations will 
be obtained. 

4. PERTURBATION EQUATIONS 

In what follows, the superscript ~ will be used with 
reference to the perturbations from the H.F. Conse- 
quently, the temperature, pressure and concentration 
may be written by splitting the contributions of the 
H.F. and the perturbations as follows: 

T=-T~+T P=-P~+fl and c==-Cs -& 

The introduction of these expressions into equa- 
tions (1)-(4) and the subtraction of the relationships 
(9)-(11) from equations (2)-(4), respectively, lead to 
the following perturbation equations : 

_ ~ ( ~ + v 3  dTs'~ [dfi dP~ 

de .dcs)= ~1)~ (12) 
"~-~ -~ +I)3 dx3] 63Xk 

dg . d c ~ =  O(J,-b,3J3~) (13) 
p ~-t-V3 dx3] OXi 

dv~ OP &~j 
P d t  = ~x~ + ~xj -g(P-P~)6,3 (14) 

dP 

c~*(J~- 6*J3s) O(h, -h2) ~(h,s-h2s) 
J i - -  +J3s Oxi ~x Ox 

01) i 
+ ~ i j - - .  (15) 

Oxj 
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Table 1. Estimated 
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data for differences between top and bottom boundaries of several layers (To = 300 K, P0 = 105 Pa, 
J3~ = 0 and R~er = 657.5) 

L AP~ AT ATA AT~-ATA 
[m] [Pa] [K] [K] [K] Jc  

N 2 / O  2 mixtures (Dr), air), Co = 0, 76 ( N 2 )  
10 3 10-2 --6×103 --10 s --6×103 - -7×10 2 
1 0  - 2  10 i - 6  - - 1 0  - 4  - 6  - 7 × 1 0  -5 
10 -I 1 - 7 x 1 0  -3 --10 3 _ 6 x  10-3 + 2 x  1 0 - 7  

1 10 - 1 0  -2 - 1 0  -2 - 1 0  -4 + 2 × 1 0  6 

10 102 - 1 0  J - 1 0  i - 1 0  3 + 2 x 1 0 - 5  
l 0  2 10 3 -- 1 - 1 - -  10  - 2  +2  × 10 4 
103 10 4 -- 10 -- 10 -- 10 -1 +2 × 10 -3 

NaC1 aqueous solutions (salt water), Co = 0.94 (H20) 
10 3 10 - 1 - -  10  - 7  - -  1 -- 1 x 10 -4 
1 0  - 2  1 0  2 - -  1 x 10 3 -- 10 6 -- 1 x 10  - 3  - -  1 x 10  - 7  

10 l 10 3 - 5 × 1 0  3 - 1 0  5 _ 5 x 1 0 - 3  + 2 × 1 0 - 8  
1 10  4 --5 × 10 -2 - -  10  - 4  --5 × 10 -2 +2  × 10  - 7  

10 105 - 5 x 1 0  i - 1 0  3 - 5 x 1 0  i + 2 × 1 0 - 6  
10 2 10  6 --5 --10 2 - 5  + 2 x 1 0  s 

1 0  3 10  7 --5 × 10 - -  10  - I  --5 × 10 +2  × 10  - 4  

In the next section these equat ions  will be non-  
dimensionalized. 

5. NON-DIMENSIONALIZATION OF THE 
EQUATIONS 

In order  to ob ta in  the non-d imens iona l iza t ion  of  
the equations,  it is necessary to choose adequately  the 
cor responding  scale units. Unfor tuna te ly ,  the mag- 
ni tude orders of  the scale units  for the H.F.  and  for  
the pe r tu rba t ions  are different in mos t  cases. In the 
following, we will state the different scale units tha t  
will be used t h roughou t  the paper  : 

(1) L, for length;  L/V, for t ime and  the cor- 
responding values in the reference state (P0, ~0, Z0, 70, 

rh0, r/z0, #~,10, Cp0, Cv0, Do, D*, D**, K0, hi0 and  h20) 
for the fluid properties.  We will also use the definition 

f~ -- ~/2/ql. 
(2) In the case of  the H.F.,  the scale units  are the 

differences (in absolute  value) between boundar ies  of  
the non-per turbed fluid layer : ]AT] for T, IAPI -= pogL 
for P and  IAcl for cl. In  the case of  the per turbed  
magni tudes,  absolute  m a x i m u m  values, IAT~I, 
IAPI = po V2 and  IAel will be used. 

(3) A realistic scale uni t  for the magni tude  velocity, 
V, is the 'free ascent '  velocity, corrected by the effect 
tha t  the adiabat ic  ascent produces on  the f lotat ion 

forces: V = x/gL(Ap--ApA/Po), where Ap is the den- 
sity difference between the boundar ies  of  the layer and  
ApA is the difference between the boundar ies  of  an  
A.H.F.  in the layer. 

(4) Fo r  the sake of  convenience,  the following 
relat ionships will be used : 

laY] 
A l  = I A T ]  

IAPI V 2 
A2 - - I A P I  i gL-(ao(ATA-AT)+7oAc ) << 1 

IAsI 
A 3 ~ IAcI" 

A TA is the tempera ture  difference between boundar ies  
cor responding  to the so-called ' ad iabat ic  gradient ' .  

In the case of  gases, the difference between the adia- 
batic tempera ture  gradient  and  the hydros ta t ic  gradi- 
ent, f rom which the layer becomes unstable,  may  be 
large (IATI "~ lAY] >> IATAI) for th in  layers, or small 
([ATI ~-iATAI >> lAY]) for thick layers, see Table  1. 
Equat ions  (12)-(15) may be rewri t ten by using all the 
above  quoted  scale units  : 

d(T~ + A i  I~ ) +zd(P~+A2ff') 
- ~  d t '  E1 d t '  ~2 

+ y d ( c ~ + A 3 5 '  ) ~v~ 
63 (16) 

dt '  ~x~ 

(s~ e )d(~;+A~cO (R-LeR~) p dt' 

= ( 6~c3(MTi-MT3sfis)ST62] OX~ "Jr- O(Mci-Mc3s~3i)Ox~ 

(~ 62"\ c3(MPi--MP3s33i) 
-- t ~ p ~ )  ~ (17) 

dv~ OP" ~P~rr [Oz'j~'~ P'-P~ 5,3 

(18) 

d ( T ~ + A ,  ( 1 -  cP° xl~2 a/Pr(R-- Le Rs) (p'c'p -~  ~') -~o,)~J ~ 

( 61 ) d (Ps 'F- x4 2 ]~')'~ 
× l + ~ o - - ~ o ( ~ + A ' ~ )  × hT; ) 
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c~(QT~-QT3~63,) ( _ C~__2o'~(.SxLe_ ~ 3 

= Ox; + 1 Cpo) t Sp/~1 

c3(Qc,- Qc3~c~3i) STLe ez O(QPi-  QP3s63i)'~ 
× ax; ) 

ST Le ~o I A(tq - h2)l [ MT~ c3 (h, - h2) 
+ ~'~oC~ ~ ~x~ 

t3(h~- h2)s']+ LectolA(h~-h2)1~3 
-- MT3~ ~x~ ) 7oCpo~, 

SpLe~olA(hl~)oCp 0 / ~ l - h 2 ) l e 2 ( M P c 3 ( h ~ x h 2 )  

0(h~ --_h2)t'~+ erGrA:¢2 dvi 
- -  ~ i j 7  - M P 3 ~  3 x  3 /] ~" 1 ~Xj 

(19) 

where the following definitions have been used : 

gL3ao(ATA--AT)  
R = (Rayleigh number) 

VOKO 

g L37o ( - AC) 
R s : - -  

voDo 
(solute Rayleigh number) 

Do 
Le = - -  (Lewis number) 

K0 

YO Sc = ~ (Schmidt number) 
130 

Gr = - -  (G:~ineisen's constant) 
XocpoPo 

ST = 
Co(1 - co)D*7o 

Do~o 
(Soret separation number) 

7o2(1 --Co) 
Sp ~ - -  c 

Po/Z~,~Zo 

(baro-diffusivity separation number).  (20) 

e,, e: and e3 are parameters defined by : ~1 ~--- ~tolATI, 
~2 = ZolAPI and t~ = ~olAcl. For  the sake of  simplicity 
the above equations may be compacted by using the 
following definitions : 

. d T  
MTi =- pc(1--c)D dxi 

dP 1 
MPi = - DT(1-C) dx bt~,l 

dc dT  
M c i =  p D ~ x  i Q T i =  K-~x i 

dP 
QPi =- - c ( 1  --c)T TD** dx---~ (21) 

and 

d¢ 
Qci =- pc#],l T D * * - - .  

dx~ 

Table 2 show the values of  the scale units and of  the 
non-dimensional monomials  that appear in equations 
(16)-(19). It is worth noting that O(h~-h2)/Oxi and A2 
have the same magnitude order as e~, e2 or e3. 

6. APPROXIMATION EQUATIONS 

The solution of  equations (16-19) depends on par- 
ameter L and on the differences between boundaries 
[ATI and IAc[. Since el, e: and e3 are much lower than 
one, they are appropriate to develop a Taylor  series 
expansion of  the thermodynamic variables and the 
velocity in equations (16)-(19). As an additional 
advantage, the functional independence among ~1, e2 
and e3 permits us to separate the dependences of  the 
solutions with respect to IATI, L and [Ac[. 

As an example of  the procedure, the series expan- 
sion of  the variable 7 ~ is : 

~ '  ~ ~000 _~_ el ~100 71_ e2 ~0 l 0 .~_ ~3 ~001 + ~12 ~200 

+e1~27=~1o + . . .  

Table 2. Values of the scale units and non-dimensional monomials (I.S.) 

N 2 / O  2 mixtures (LS.) 
To ~ 300 Po ~ 105 co ~ 0,76 
ct o ~ 3,3 x 10 -3  ~0 ~ 10 5 7o ~ --0 13 
Vo~ 1,5X10 -s X 0 ~ 2 x l 0  5 D 0 ~ 2 x l  0 s 
Pr ,.~ 0.7 Sc .~ 0.7 Le .~ 1 
S T Y 4 ×  10 -4 Sp ~ 3.10 -3 ( l - C v / C p )  ~0.3 

To g 300 
~ o ~ 2 ×  10 4 
V o ~ 10 -6 
Pr ,~ 8 
ST ~ 0.5 

NaC1 aqueous solutions (LS.) 
P0 ~ 10 Co ~ 0,94 
Zo ~ 4x 10 -l° 7o ~ -0 .7  
x0~ 1.4×10 -7 Do~ 1.5x10 9 
Sc .~ 7 Le ..~ 10 -2 
Sp g 1.3 (1-Cv/Cp) ~ 6x 10 -3 

Po ~ 1,2 
Co o ,~ 10 3 
a* ~ - - 2  × 10 -2  

Gr ,~ 0.3 

P0 ~ 1,041 
Cv~ ~ 4 x 10 3 

~* ~ -0 .8  
Gr ,~ 0.1 
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As an other example, for the fluid material proper- 
ties, the case of the diffusion coefficient is : 

D e I [OD'~ 
D ' =  ~00 = 1+ ~ - ~ ) o  ( ( r ~ -  To) '+  A,7 ~') 

+ ~0~o \ f f f i } 0 ( ( P ~ - P 0 ) ' + A 2 P ' )  + " '  (22) 

It is worth noticing that the non-dimensional  mon- 
omials such as 1/c%Do (~D/~T)o, 1/ZoDo (cOD/OP)o. etc. 
which contain D derivatives of the order of unity, have 
been retained. In this way, the numerical values of the 
derivatives have been transferred to the monomials  81, 
82 and 83 and their products. This will allow us to 
numerically separate the different orders of magnitude 
in the original hierarchy of equations. 

In zero order we have : 

- -  = 0 ( 2 3 )  Ox~ 

S~'~e e (OffOOO ~(cOOO63i+ A3cO0°) ) 
( R -  Le R~) \ ~ f -  + Ox~ V°°° 

STA ll31 02 (~000) (~2 (C~000) 
- - -  + A 3 - -  ( 2 4 )  

e3 c3x~Oxi " OxiOx~ 

 vooo  pooo 

~t , %  ~xi ~ - X / R - L e R ~ \ ~ x j ~ x /  

- ( - -  Ale '  Sign(a) 7~°°° + ~--283 Sign(7)~°°°) A2 (25) 

/0/~°°° v000) x / P r ( R -  Le R ~ ) ~ f  - + 6~(T°sO° O3i-f- 7~0°°) 

Cvo~e2 ooo dP°°° 
- 1 -  c - - ~ ] ~ ( ~  • dx3 

C)2 ~ooo SrLe e3 [//l Cv°X~ 82 c°°° 
= AI " ~ . . ~  - Sps~--~--\x -- ~po)A3"~xi~xi. (26) 

In what follows, we will analyze the conditions that 
must be fulfilled in order to get the numerical splitting 
of the different orders in the hierarchy of equations. 

7. NUMERICAL SEPARATION OF THE 
DIFFERENT ORDERS IN THE EXPANSION 

The three-parameter perturbative expansion 
developed in the last section permits us to obtain a 
hierarchy of equations containing the successive pow- 
ers of the parameters 81, 82 and 83. Although the math- 
ematical procedure seems to be correct, it is not  always 
possible to avoid an overlapping of numerical values 
of the different orders in the obtained hierarchy. The 
aim of this section is to analyze the restrictions on the 
boundary conditions that are necessary in order to 
assure the numerical splitting of the n first orders in 

the hierarchy (n being a previously chosen value). 
Obviously, if one limits the relative variability of the 
numerical values of the parameters el, 82 and 83, it is 
possible to get the numerical separation of the differ- 
ent orders in the hierarchy. The following theorem 
imposes a limit to this variability : 

Theorem I 
Let us suppose that the three parameters verify the 

relationship: e~< 8j ~< 8k << 1. A necessary and 
sufficient condit ion for the successive natural  powers 
of these parameters not  to overlap, up to the order n, 
is that : 

A" > ek >1 A "+ 1 (27) 

being A - ei/ek. 

Proof  
1. Necessary condition. If the numerical separation 

of the successive powers of the monomials,  up to the 
order n, has been achieved one has : 

1 >>sk >.--e/>>-ei >e2k >>-e 2 >>-e~ > . . .  

) 87̀  ) e 7 ~.~ e 7 > 87̀  +1 ) 8j +1 ) 87 +1 ~ 8~ +2 (28) 

if one divides equation (28) by 87̀  or 87, + ~ one obtains 
respectively : 

8~ 87̀  +1 . .87 +~ (_A.+,)  
( - ~ A ' ) >  87̀  =ek or" 87̀  +~ ~<ek 

and, finally, one achieves equation (27). 
2. Sufficient eondition. If  one multiplies (27) by 87, 

and 87, + 1, respectively one gets : 

8n+ 1 
87>87~ +1 > / - -  and e, ' -ek>e~ +:~>87 +1 

ek 

from which the following inequality is reached : 

87 > 87, +j >~87 +] ~>e, .'+l ...<87  ̀+2. (29) 

if one takes the n-root in equation (29), one gets : 

e, > 4 "+')/" >>- 85 "+ ')'° >1 8f "+';" 
From this inequality, one has 8k/> 8j ~> ei and, also, 
ei > e(, "+w" > 8, z for n > 2. From equation (29) it is 
possible to take the successive powers of the inequality 
until  ( n -  1)th and so obtain the relationship of equa- 
tion (28) by iteration. 

This theorem gives rise to two corollaries that will 
be useful in getting the numerical splitting sought : 

Corollary I 
The inequality A" > ek ~> A "+ 1 is equivalent to : 

e(k n+ l)/n < 8 i ~ 8j ~ 8 k 

Proof  
If one takes the nth-root in equation (27), one has 

el/8~ > dk ~/"), and multiplying by ek one gets the 
required inequality. 
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Corollary H 
The inequality A '' > ek ~> A "+ 1 is equivalent to : 

Proof  
If one takes into account the relationship obtained 

in Corollary I, ed~:k > ,~(l/n) ~ ~.~l/n) ~ p_,}]/n) and mul- 
tiplies it by ek/e} l/') the corollary is demonstrated. 

The application of these two corollaries to the pre- 
sent problem permits us to choose one of the par- 
ameters as a referertce and to determine the variability 
range of the other two parameters with respect to it. 
The choosing of  e: as a reference has some advantages, 
because it is directly related to the layer thickness. It 
is also possible to choose the order for which the 
numerical splitting is assured (in most practical appli- 
cations n = 2 is sufficient). 

Let us analyze the two possibilities: (a) if el and 
~3 are greater than e:, then Corollary II applies and 
e: ~< ej ~< ~k < e(2 2-~:/2 ; (b) if e: were the greatest, then 
Corollary I would apply and e(22+w2 < ei ~< ej ~< e:.t 
Consequently, the range of variability of these par- 
ameters and their binary products, which are com- 
patible with the separation of powers up to the second 
order, is given arotLnd the values of ~2 determined by : 

1 > e~/2 > ej > e~/2 (30)  

wherej  = 1, 3. In order to be sure that the monomials  
are much lower than one, we can use e2 < 0.01 as a 
superior limit. In Fig. 1, region I corresponds to the 
monomials  whose values are greater than e~/z (for a 
given value of e2). These values belong numerically to 
the zero order in 1:he hierarchy of equations (it has 
been assumed that the numerical splitting in the 
different orders has been obtained). Region II, whose 
values are limited by the inequality of equation (30), 
corresponds to monomials  whose values are of the 
first order (f.i. e~ and e3). Region III, whose values are 
lower than e 3/2 (for a given value of e2), corresponds 
to the monomials  of the second or even superior order. 

It is worth noticing that the inequality of equation 
(30) imposes certain restrictions on the temperature 
and pressure differences between boundaries, via par- 
ameters e I and e2, respectively. In the next section we 
will consider the consequences of these conditions on 
the zero-order monomials  of the hierarchy of equa- 
tions. 

8. ZERO-ORDER MONOMIALS 

For certain values of the layer thickness, some of 
the monomials  retained in the zero-order (equations 
(23)-(26)) have numerical values lower than e~/2 and 
consequently, should be included in a superior order 
if we want to have a rigorous numerical splitting valid 
up to the second o~:der. With this in mind, it is necess- 
ary to determine the values of the monomials  that 

tThe case in which e2 lies between e~ and e3 is trivial. 

multiply the terms which represent the Soret and the 
Dufour  effects as well as the effect of  the hydrostatic 
pressure gradient in the heat equation. In what 
follows, the numerical relevance in zero-order of these 
effects will be discussed in relation to the fluid layer 
thickness. 

Soret effect. The monomial  corresponding to the 
Soret is (see equation (34)) : 

STAI~I/~3. (31) 

The Soret separation number,  ST, is much lower than 
one in the case of gas mixtures and slightly lower than 
one in the case of liquid solutions (see Table 2). In 
order to evaluate A1 we can consider that the differ- 
ence between A T and A 7 ~ is produced by the adiabatic 
convective ascent of the hot fluid elements. This is due 
to the fact that the time of ascent through the layer is 
much lower than the thermal and the diffusive relax- 
ation times. The adiabatic cooling of an ascent fluid 
element in a layer is given by ATA = -g~ToL/Cpo. 
This cooling is very noticeable in gas layers, from it, 
it is possible to make the following calculation : 

A, = ( , ~ T - A T ) / A T  = 1 +gaToL/ (AT"  Cpo) 

= l+(1-  ~pp/~ .  (32) 

If one takes into account equation (31) ,  the expression 
of the monomial  is : 

Cv~e2 (33) 
S T A I g l / 8  3 = STgl /g  3 --+-S T 1 -  Cpje  3 . 

Figures 2(a)-(b) represent, in logarithmic scale, the 
domain of variation for the monomial  values (the 
surface between the continuous straight lines is 
marked with I I )  as a function of e2, for layers of 
dry air (for details see Table 2) and of salt water, 
respectively. It must be noted that whereas quotient 
erie3 varies in the range e2 ~/2 >/e2/e3 >~ e~2/2, the quo- 
tient el/e3 varies in a wider range e~-i /> el/e3/> e~. As 
a rule, the second term of these monomials  is relevant 
in the case of gases, but  not  in the case of liquids. The 
three regions of Fig. 1 have been superimposed in Fig. 
2(a)-(b) as references in order to determine the order 
of the hierarchy of equations to which these mon- 
omials belong. The same procedure will be used in the 
remaining figures. 

In the case of the gas mixture, it should be noticed 
that the Soret effect is numerically of a more superior 
order than the first, for values of log(e2) greater than 
- 1.3 (or L > 400 m), but  may be of a zero-order, for 
values of log(e2) lower than - 2 . 2  (or L < 55 m). In 
this case there is a dependence on the relation between 
the temperature and concentration gradients. In the 
case of salt water, the analogous lower and upper 
limits of log(~2) are - 0 . 2  (or L > 130000 m) and 
- 0 . 4  (or L < 85 000 m), respectively. In both cases 
the limits exceed what is physically reasonable and 
mathematically convenient and, as a consequence, the 
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Fig. 1. Domain of validity for the parameters e~ and e3 with respect to e2 (continuous lines correspond to 
n = 2 and discontinuous lines correspond to n = 1). Region I corresponds to zero-order, region II to first 

order and region III to superior orders. 

Soret effect is relevant in all kinds of layers, within a 
wide range of thicknesses. 

Dufour effect. The term corresponding to the Duf- 
our effect appears in equation (26) multiplied by the 
monomial : 

(STLe/Sr)(1- ~)(e3/e,) . (34) 

This monomial is lower than one in the case of gas 
mixtures, but much lower than one for liquid solutions 
(see Table 2). The quotient e3/el varies in the interval 
e~ -~ >/e~/e3 >~ e~. Figure 2(a)-(b) represents (in log- 
arithmic scale) the domain of variation for the mon- 
omial values (surface between the continuous straight 
lines marked with 0 )  as a function of e2 for dry air 
and for salt water layers, respectively. In the case of 
the gas mixture, the Dufour effect has an order of 
magnitude greater than the first, for log(e2) values 
greater than - 0 . 5  (L > 2800 m), whereas it may be 
of zero-order for log(e2) values lower than - 1  
(L < 880 m), depending on the relationship between 
the gradients. In the case of salt water, both superior 
and inferior limits are greater than one, which con- 

firms that the Dufour effect is relevant in all kinds of 
layers, within a wide range of physically reasonable 
thicknesses. 

Influence of the hydrostatic field. The numerical 
influence of the hydrostatic pressure field on the heat 
equation is given by the monomial : 

( 1 -  Cv~ £ (35) 
Cp)~l " 

Figure 3(a) shows, in logarithmic scale, the domain 
of variation for the monomial values (the surface 
between the continuous straight lines marked with +)  
as a function of e2 for dry air layers. Figure 3(b) refers 
to salt water. In the case of the gas mixture, the H.F. 
influence is numerically of an order greater than the 
first, for log(e2) values greater than -0 .3  (L > 4400 
m), whereas it may be of zero-order for log(e2) values 
lower than --0.5 (L < 2800 m), depending on the 
relation between gradients. In the case of the salt 
water, the analogous lowest and highest limits of 
log(~2) are -1 .1  (L > 17000 m) and - 2 . 2  (L < 1300 
m), respectively. 

Variability of monomial (R-LeRs )  1/2. The value 
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Dr j  air 
Soret arid Dufour effects 

I ' I ' I 
-8 .00  -4 .00  0.00 

a) Dry air 

Oeyek 
0.S k~'R -L=R=) 

H.F. 

- 0.00 0.00 

I ' I ' I 
-8.00 -4.00 0.00 

a) Dry air 

Salt water 
Sorer and Dufour effeOts 

I ' I ' I 
-8.00 -4.00 0.00 

-- 20.00 

0.00  

-20 .00  

Salt weber 

I ' I ' I 
-8.00 -4.00 0.00 

- -  20.00 

- -  0 .00  

-20 .00  

b) Salt water 

Fig. 2. (a) Domains of validity (surface between continuous 
lines) for the Soret effect (11) and Dufour effect (0)  in dry 
air; (b) domains of validity (surface between continuous 
lines) for the Soret effect (11) and Dufour effect (0)  in salt 

water. 

b) Salt water 
Fig. 3. (a) Domains of validity (surface between continuous 
lines) for the H.F. (+)  contribution, for the monomial 
(R-LeRs)  '12 (x)  and for its inverse (A) in dry air; (b) 
domains of validity (surface between continuous lines) for 
the H.F. (+)  contribution, for the monomial (R - Le Rs)~12 

( x ) and for its inverse (A) in salt water. 

of the monomial  (R- -LeRs )  1/2 depends implicitly on 
parameters el, e2 and e3 through the differences 
between boundaries A T, Ac and pgL. For this reason, 
the domain of possible values for this monomial  
depends on the permitted values of e2. This monomial  
appears in equations (24) and (26), multiplied by fac- 
tors of magnitudes very close to one and its inverse 
value appears in equation (25) multiplied by a factor 
that is also of the order of magnitude of one. The 
domains of permit'Led values for the monomials  (con- 
t inuous lines marked with × ) and their inverse values 
(continuous lines marked with A) are shown in Fig. 
3 (a) which corresp onds to dry air and Fig. 3 (b) which 
corresponds to salt water. (R-LeRs)1/2 and its inverse 

value impose some restrictions on the domains of val- 
idity of the zero-order equations (23)-(26). 

The above discussion permits us to delimit the range 
of validity of each of the terms studied. The analysis 
may be considered a numerical estimation of these 
terms, as related to the parameter e2 and its powers. 
These ideas may be, obviously, generalized by means 
of the following lemma. 

Zemma 
Let us assume that the non-dimensionalized mon-  

omial ~ belongs to one of the non-dimensionalized 
equations of the hierarchy. The order in which this 
term must be included within the hierarchy of equa- 
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tions in order to separate it numerically, may be deter- 
mined by looking for a natural number m that verifies 
the following inequality : 

e; 

m being the order of  the hierarchy at which M belongs 
and n the maximum order of  the perturbative expan- 
sion for which the numerical split of  the terms belong- 
ing to the different order in the hierarchy is obtained. 

9. CONCLUSIONS 

(1) A method has been proposed that permits us to 
study the behavior of  convective fluid layers. The sys- 
tem may be numerically split in a hierarchy of  equations 
by means of  a three parameter perturbative expansion, 
which is related to the boundary conditions of  the layer. 
Although the paper considers only the simple case of  
two-component mixtures, the procedure may be easily 
generalized to multi-component systems. In this case it 
is necessary to use additional parameters (similar to s3), 
representing the difference of  the various mass fractions 
between the boundaries. 

(2) The method may be generalized to any other 
problem whose solution is obtained from a system 
of  equations that may be non-dimensionalized. The 
procedure permits us to state, in a rigorous way, what 
the numerical importance is of  each of  the terms 
appearing in the hierarchy of  equations. 

(3) The first orders of  the hierarchy of  equations 
describing the behavior of  convective fluid layers have 
been studied. The layer thickness has been calculated 
in such a way that the terms corresponding to the 
Soret and the Dufour  effects, or the term cor- 
responding to the influence of  the hydrostatic field on 
the heat equation, are retained. It must not be for- 
gotten that, in the case of  impervious walls, the ther- 
mal diffusion relates to the temperature and con- 
centration differences between the layer boundaries. 
This relationship imposes a restrictive link to the rela- 
tive variations of  e~ and e 3. 
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